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Abstract—Trust and distrust are common in the opinion inter-
actions among agents in social networks. It is believed in social
psychology that opinion difference is usually an important factor
affecting the trust/distrust level between neighboring agents. With
that in mind, this paper proposes a nonlinear opinion dynamics
model with asynchronous evolution of trust/distrust level based
on opinion difference, in which the trust/distrust level between
neighboring agents is portrayed as a nonlinear weight function
of their opinion difference, and the asynchronous setting implies
that each agent interacts with the neighbors to update the
trust/distrust level and opinion at the times determined by its
own will. The influence of an opinion leader with a firm stand
on the formation of followers’ opinions is considered. Based
on infinite products of nonnegative matrices, a comprehensive
theoretical analysis for the opinion dynamics is performed.
Numerical simulations based on two well-known networks called
the “12 Angry Men” network and the Karate Club network in
social psychology are provided to verify the correctness of the
theoretical results.
Index Terms—Opinion dynamics; nonlinear model; opinion
leaders; asynchronous interaction; trust and distrust.
I. INTRODUCTION
In a social network, the social agents which represent the
social actors, e.g., countries, parties, social individuals, will
have different opinions when they are confronted with various
social issues, and the opinions may change according to the
influence of other individuals. Over the past few decades,
interest in the opinion formation mechanism of agents in
social networks has grown dramatically. In this regard, the
DeGroot model [1] is a classic reference, in which each agent
utilizes the opinions information from the neighbors to form
its opinion on various social issues. It has been shown con-
clusively in [1] that when the network structure has sufficient
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connectivity, the social interaction in the DeGroot model tends
to facilitate the agents’ opinions to merge into a common
opinion, namely, to reach opinion consensus in the whole
social network. Based on the DeGroot model, researchers have
conducted extensive researches on the mechanisms of opinion
formation and constructed some improved models, such as the
Friedkin-Johnsen model [2]–[6] and the Hegselmann-Krause
model [7]–[9]. Under the existing mechanisms of opinion
formation, different dynamics phenomena may emerge in
the entire network, such as opinion consensus and opinion
polarization, etc.
In many real situations of social networks, it is found
that certain agents, called opinion leaders, have more power
on influencing the opinions, decisions and actions of most
other agents (known as followers) because of their expertise
or positions [10]. For instance, in the famous Karate Club
network [11], the entire club eventually was split into two
new organizations due to conflict between the club supervisor
and the club coach. Opinion differences among leaders led
to polarization of congressional parties in congress [12]. The
Twitter users with higher connectivity and problem partici-
pation had a significant impact on the opinions of ordinary
Twitter users in the Twitter activism network [13]. Compared
to the case in the absence of opinion leaders, it was shown
in [14] that opinions tend to spread faster in the presence
of opinion leaders. The emergence of these real social net-
works undoubtedly indicates that the study of the influence
of opinion leaders on the formation of other agents’ opinions
in social networks has potential application value. To date,
many studies have focused on the dynamics of opinion con-
sensus in the presence of an opinion leader, see [15]–[18] for
examples. Specifically, following findings from experimental
social psychology, the reference [15] considered the opinion
dynamics of the DeGroot model via leadership with state
and time-dependent characteristics. The opinion dynamics of
the Hegselmann-Krause model with an opinion leader was
examined in [16], [17]. Dong et al. [18] analyzed the opinion
consensus of administrations in the management field.
The aforementioned opinion dynamics models mostly con-
sidered the positive interaction relationship between agents,
which is also stated as trust, cooperation, or friendliness equiv-
alently. However, as reported in [19], the negative interaction
relationship between agents, such as distrust, competition, or
antagonism, is ubiquitous in real social networks. The positive
and negative interaction relationships are usually represented
2by the edges with positive and negative signs in the signed
digraph, respectively. For consistency, in this paper, the pos-
itive and negative interaction relationships are collectively
referred to as “trust” and “distrust” respectively, and thus the
signed network is also called the “trust-distrust network”. In
the pioneering study [20], Altafini proposed a simple and
instructive dynamics model of trust-distrust networks based
on Laplacian feedback designs, and analyzed the dynamics
of networks with and without structural balance. Since then,
the Altafini model on the trust-distrust network has gained
widespread attention (see, e.g., [21], [22]).
It is noteworthy that the trust/distrust level between neigh-
boring agents (usually represented by the weight of the edge
connecting them) is assumed to be independent of their own
opinions in the Altafini model. However, it can be observed
in daily life that long-term opinion difference will lead two
good friends who trust each other to drift away; in turn,
holding similar opinions on certain events will weaken the gulf
between two agents who distrust each other. In fact, it has been
pointed out in “Social psychology” [23] that opinion difference
is an important factor affecting the intimacy between social
agents in real interaction scenarios, and people usually tend
to be more trusting to the agents who have similar opinions
with themselves and more distrustful towards the agents who
hold different opinions with themselves.
An American classic film called “12 Angry Men” in 1957
is a living example to show the opinion evolution of the agents
under the influence of an opinion leader, in which twelve
jurors were invited to decide whether a teenager was guilty
of killing his father. At the beginning, only juror 8 firmly
believed that the boy was acquitted, and the remaining jurors
considered the boy guilty. After rounds of discussions, juror
8 finally succeeded in persuading other eleven jurors to agree
with him. Moreover, through careful observation of the details
of the film, it is found that when juror 8 presented the evidence
in support of his own opinion, other jurors showed varying
attitudes (i.e., trust or distrust) to juror 8, and the trust/distrust
level was affected mainly by their opinion difference with juror
8. Although juror 3, for instance, had the strongest initial
distrust level to juror 8, his initial judgment was gradually
shaken with jury 8’s statements of sufficient evidences of the
boy’s innocence. With the deepening process of the opinion
interactions, juror 3 gradually reduced the distrust to juror 8,
and finally admitted that the existing evidence is not enough
to make the guilty verdict.
Inspired by the above discussions, the main purpose of this
paper is to model the relationship between opinion difference
and trust/distrust level of neighboring agents according to the
real interaction scenario, and analyze the influence of opinion
leaders on the formation of followers’ opinions. The main
contributions of this paper can be summarized as follows.
I) A nonlinear opinion dynamics model with asynchronous
evolution of trust/distrust level based on opinion differ-
ence is proposed, where the trust/distrust level between
neighboring agents is portrayed as a weight function of
their opinion difference, and the asynchronous setting
implies that each agent interacts with the neighbors to
update the trust/distrust level and opinion at the times
determined by its own will. It is noteworthy that the
asynchronous evolution mechanism of trust/distrust level
is proposed for the first time in this paper, and it has not
been taken into account in the existing opinion dynamics
models so far.
II) Through the construction of signed digraphs involving
asynchronous interaction information, the analysis of dy-
namics evolution for the nonlinear model is equivalent to
the convergence analysis of infinite products of nonnega-
tive matrices. By developing some new approaches based
on nonnegative matrix, we solve the convergence problem
and establish the algebraic condition which depends on
the network structure and weight functions for achieving
consensus in presence of a single opinion leader. Further,
we explore the dynamics on the trust-distrust network
with multiple opinion leaders. Finally, it is shown that
the derived dynamics results can be applied to explain the
opinion evolution phenomena of real-world networks in
social psychology, such as the “12 Angry Men” network
and the Karate Club network.
The rest of this paper is arranged as follows. Section II in-
troduces some basic notations and preliminaries. The problem
statement is shown in Section III. Section IV presents the main
results of this paper. Section V validates the correctness of the
theoretical results by some simulation examples. The paper is
concluded in Section VI.
II. PRELIMINARIES
A. Notations
Some notations for a real matrix S=[sij ]n×n are introduced
as follows. |S| = [|sij |]n×n stands for a matrix in which each
element |sij | is the absolute value of sij . The ith row’s sum
of matrix S is represented by Λi[S] =
∑n
j=1 sij . The infinite
norm of matrix S is expressed as ‖S‖∞ = max
{
Λi[|S|] |
i = 1, 2, . . . , n
}
. The real matrix S is nonnegative if sij ≥
0, i, j = 1, 2, . . . , n. Let S(i : j, p : q) be a block matrix
consisting of the i-th row to the j-th row and the p-th column
to the q-th column of matrix S, where i ≤ j, p ≤ q. Denote
the left products of matrices Si, i = 1, 2, . . . , q by
∏q
t=1 St =
Sq · · ·S2S1. 0 is a matrix with all elements being 0. |N |
represents the number of elements in the set N .
Definition 1: [24] A real matrix S = [sij ]n×n is general
row-stochastic if Λi[S] = 1, i = 1, 2, . . . , n.
Lemma 1: Let S1, S2, . . . , Sq be n×n nonnegative matrices
and max{Λi[St] | t = 1, 2, . . . , q, i = 1, 2, . . . , n} = g, then
‖
∏q
t=1 St‖∞ ≤ g
q .
Proof: For any i ∈ {1, 2, . . . , n}, we have:
Λi
[ q∏
t=1
St
]
=
∑
j1
[Sq]ij1Λj1 [Sq−1 · · ·S2S1]
=
∑
j1
[Sq]ij1
∑
j2
[Sq−1]j1j2Λj2 [Sq−2 · · ·S2S1]
=
∑
j1
[Sq]ij1
∑
j2
[Sq−1]j1j2 · · ·
∑
jq
[S1]jq−1jq ≤ g
q
.
According to the definition of infinite norm of matrix, one has
‖
∏q
t=1 St‖∞ ≤ g
q .
3Similar to Lemma 1, we present the corresponding result
for the general row-stochastic matrix below.
Lemma 2: Let S1, S2, . . . , Sq be general row-stochastic
matrices, then
∏q
t=1 St is a general row-stochastic matrix.
B. Interaction network
Consider a social network with n agents indexed in the set
V = {v1, v2, . . . , vn}, where vn represents the opinion leader
and v1, v2, . . . , vn−1 stand for the followers. The opinion
leader is an agent with a firm stand and its opinion is not
affected by the opinions of other agents. The opinions of
followers are influenced by those of their neighbors.
The structure of the social network is represented as a signed
digraph G = (V , E ), where V and E represent the sets of
nodes and edges, respectively. There is a directed edge (vj , vi)
in E if and only if agent vi takes agent vj as an in-neighbor
and thus agent vj’s opinion is influencing agent vi’s. Denote
the signed adjacency matrix by A = [aij ] with the elements
being 0, 1 or −1, where aij 6= 0 if and only if (vj , vi) ∈ E ,
otherwise aij = 0. In particular, aij = 1 and aij = −1
represent that agent vi trust and distrust agent vj , respectively.
The sets of trusted in-neighbors and distrustful in-neighbors
of agent vi are denoted by N
+
i = {vj | (vj , vi) ∈ E , aij = 1}
and N −i = {vj | (vj , vi) ∈ E , aij = −1}, respectively.
The set of in-neighbors of agent vi is Ni = N
+
i ∪ N
−
i .
For convenience, the agent’s neighbors refer specifically to
its in-neighbors in the rest of this paper. A directed path
from node vi1 to node viz in a digraph G is denoted
by Pvi1→viz = (vi1 , vi2)(vi2 , vi3) · · · (viz−1 , viz ), where the
nodes vi1 , vi2 , . . . , viz are distinct and (vis−1, vis) ∈ E for
s = 2, 3, . . . , z. The directed distance from vi1 to viz is the
number of edges in the shortest path from vi1 to viz .
C. Asynchronous interaction
Most of the existing literature is dedicated to analyzing
opinion dynamics of social networks under the synchronous
interaction, in which all agents interact with their neighbors
at the same time. However, in real-world social networks, the
synchronous interaction is generally not easy to implement due
to some objective factors and the subjective will. This consid-
eration shifts our attention to a more general asynchronous
interaction scenario in this paper, where each agent interacts
with the neighbors to update the trust/distrust level and opinion
at the times determined by its own will. In other words, each
agent can interact with its neighbors at arbitrary times in the
asynchronous interaction scenario. Without loss of generality,
we assume that the set of each agent vi’s opinion interaction
times is
{sik} = {s
i
0, s
i
1, . . . , s
i
k, . . .},
in which si0, s
i
1, . . . , s
i
k ∈ {0, 1, . . . , t, . . .} and 0 = s
i
0 < s
i
1 <
· · · < sik < · · · . It is further assumed that {s
i
k} satisfies the
following condition:
sik+1 − s
i
k ≤ h, (1)
where h is a positive integer. An example for three agents’
interaction times in the asynchronous interaction scenario is
shown in Fig. 1.
Fig. 1. An example of interaction times for agents v1, v2 and v3 in the
asynchronous interaction scenario.
Remark 1: Condition (1) is given to guarantee that there
is no such an agent, who no longer communicates with its
neighbors from a certain time. Equivalently, in each finite
time interval with length h, where h is a constant that can
be arbitrarily large, each agent interacts with its neighbors at
least once. This is necessary in the asynchronous interaction
scenario. Without Condition (1), there may be an agent unable
to interact with its neighbors at all times, which obviously
cannot guarantee the realization of opinion consensus or
opinion polarization. In addition, it is worth noting that the
asynchronous interaction considered in this paper includes the
synchronous interaction as a special case of h = 1. Therefore,
the asynchronous dynamics results obtained in this paper can
be easily extended to the synchronous interaction scenario.
III. MODEL FORMULATION
In a social network, the trust/distrust level between neigh-
bouring agents is usually affected by their opinion difference.
For example, it can be observed in the daily interaction that
two closely related agents will gradually alienate due to long-
term opinion difference, and the similarity of opinions will
gradually eliminate the gulf between two distrusting agents.
Take into account such an interaction scenario, we set the
trust/distrust level of agent vi to agent vj as a function fij of
their opinion difference |xj(t)− xi(t)|, i.e.,
fij(t)=
{
f+ij
(
|xj [t]−xi[t]|
)
, if aij=1,
f−ij
(
|xj [t]−xi[t]|
)
, if aij=−1,
(2)
where the weight functions f+ij and f
−
ij are used to quantify the
trust and distrust levels of agent vi to agent vj , respectively.
Suppose the weight functions satisfy the following assump-
tions.
Assumption 1: For each agent vi, the functions f
+
ij , j =
1, 2, . . . , n are positive, decreasing and bounded, in particular,
α≤f+ij (y2)≤f
+
ij (y1)≤α, j 6=n and β≤f
+
in(y2)≤f
+
in(y1)≤β
as 0≤y1≤y2<+∞.
Assumption 2: For each agent vi, the functions f
−
ij , j =
1, 2, . . . , n are positive, increasing and bounded, in particular,
ι≤ f−ij (y1)≤ f
−
ij (y2)≤ ι, j 6=n and κ≤ f
−
in(y1)≤ f
−
in(y2)≤κ
as 0≤y1≤y2<+∞.
Remark 2: For each edge (vj , vi), there is a corresponding
weight function fij to quantify the trust/distrust level of
agent vi to agent vj , which reflects the difference of opinion
interaction between different neighboring agents in the social
network. In addition, the leader which plays a leading role in
the evolution of the entire social network is usually an agent
4with significant influence. Therefore, for any follower with the
leader as one of its neighbors, the leader’s opinion often has
more influence on its opinion than those of other neighbors.
In order to better reflect this situation, we set different bounds
for the weight functions f+ij , j 6=n and f
+
in in Assumption 1.
The setting of different bounds is also applied to the weight
functions f−ij , j 6=n and f
−
in in Assumption 2.
Each agent vi updates its opinion in accordance with the
following asynchronous opinion dynamics model
xi[t+ 1] =
{
θixi[t]+(1−θi)ui[t], t ∈ {s
i
k},
xi[t], t /∈ {s
i
k},
(3)
where xi[t] represents the opinion of agent vi at time t, θi ∈
[0, 1) is the level of self-confidence of agent vi in its own
opinion evolution. Suppose θn = 1 in this paper. Based on
widely used distributed control algorithms of network systems
(e.g., see [25]), a nonlinear DeGroot-style interaction rule is
designed as follows:
ui[t] =
∑
vj∈Ni
aijfij(t)∑
vj∈Ni
aijfij(t)
xj [t]. (4)
In general, it is not easy to directly analyze the evolution of
agents’ opinions due to the complexity of the nonlinear term
fij(t) in the interaction rule (4). On this account, we consider
the asynchronous interaction scenario from a new perspective
on the interaction network. Since all time sequences {s1k},
{s2k}, . . . , {s
n
k} are independent of each other, it is uncertain
which agents update their opinions at time t in view of the
distributed interaction. To proceed, we construct a signed
digraph G (t) =
(
V , E (t)
)
⊆ G for each time t. The signed
adjacency matrix of G (t) is denoted by A (t)=[aij(t)] which
satisfies: (vj , vi) ∈ E (t) and aij(t) = aij , j = 1, 2, . . . , n if
t∈{sik}, and (vj , vi) /∈ E (t) and aij(t)= 0, j=1, 2, . . . , n if
t /∈{sik}. The set of neighbors of agent vi at time t is denoted
by Ni(t). For the given interaction network G in Fig. 2(a),
the newly constructed signed digraphs G (t) at different times
under the asynchronous interaction setting in Fig. 1 are shown
in Fig. 2(b)-2(h).
(a) G (b) G (0) (c) G (1) (d) G (2)
(e) G (3) (f) G (4) (g) G (5) (h) G (6)
Fig. 2. An interaction network G and the corresponding newly constructed
signed digraphs G (t), t = 0, 1, . . . , 6 under the asynchronous interaction
setting shown in Fig. 1.
IV. MAIN RESULTS
In this section, we analyze the opinion dynamics in presence
of single and multiple opinion leaders under the asynchronous
evolution mechanism of trust/distrust level based on opinion
difference, respectively.
Based on the construction of digraph G (t), we rearrange
model (3) as
xi[t+1] = θi(t)xi[t]+
(
1−θi(t)
) ∑
vj∈Ni(t)
pij(t), (5)
where
pij(t) =
aij(t)fij(t)∑
vj∈Ni(t)
aij(t)fij(t)
. (6)
Let x[t] =
[
xi[t], x2[t], . . . , xn[t]
]T
, then (5) can be ex-
pressed as the following state-space form
x[t+ 1] = Γ(t)x[t], (7)
where Γ(t) = Θ(t) +
(
In − Θ(t)
)
P (t) with P (t) = [pij(t)]
and Θ(t)=diag
{
θ1(t),. . ., θn(t)
}
. Observing the construction
of Γ(t), we know that Γ(t) is a general row-stochastic matrix
with both positive and negative elements.
Remark 3: The classical linear DeGroot and Altafini models
can also be transformed into the state-space form x[t+1] =
Hx[t]. In the DeGroot model, H is a nonnegative row-
stochastic matrix. In the Altafini model, althoughH is a matrix
containing both positive and negative elements, |H | is a row-
stochastic matrix. The Friedkin-Johnsen model can be written
as the form x[t+1]=Λx[0]+(I−Λ)Qx[t], where Λ and I−Λ
are nonnegative diagonal matrices, and Q is a row-stochastic
matrix. In Eq. (7), Γ(t) is a general row-stochastic matrix in
which each element is a nonlinear function of the opinion
difference between corresponding neighbouring agents.
Before proceeding, the following notations are introduced,
|N −max| = max{|N
−
i | | i = 1, 2, . . . , n− 1},
|N +min| = min{|N
+
i | | i = 1, 2, . . . , n− 1},
|N −min| = min{|N
−
i | | i = 1, 2, . . . , n− 1},
|N +max| = max{|N
+
i | | i = 1, 2, . . . , n− 1}.
Next, we show that the DeGroot-style interaction rule (4)
can effectively guarantee the realization of opinion consensus
on the trust-distrust network in presence of a single opinion
leader.
Theorem 1: Consider model (3) with a single opinion
leader. Suppose that the followers’ self-confidence levels sat-
isfy θi 6= 0, i = 1, 2, . . . , n− 1. If the interaction network G
contains a spanning tree T with the root being the leader and
all edges representing trust relationships, and the following
condition holds
lph − σph<1, (8)
where p is the longest distance from the leader to the followers
on the spanning tree T and
l=1+
2(1−θmin)|N
−
max|max{ι, κ}
|N +min|min{α, β} − |N
−
max|max{ι, κ}
,
σ=min
{
θmin,
(1−θmax)min{α, β}
|N +max|min{α, β}−|N
−
min|max{ι, κ}
}
,
5in which |N +min|min{α, β} > |N
−
max|max{ι, κ}, θmax =
max{θ1,. . ., θn−1} and θmin=max{θ1,. . ., θn−1}, then opin-
ion consensus is achieved, that is, limt→∞ xi[t] = xn[0],
i = 1, 2, . . . , n− 1.
Proof: According to the division of the opinion leader
and the followers, Γ(t) has a block-matrix form as follows
Γ[t] =
[
Φ(t) w(t)
0 1
]
,
where Φ(t)=Θ∗(t) +
(
In−1−Θ
∗(t)
)
P (t)(1 : n−1, 1 : n−1)
and w(t)=
(
In−1−Θ
∗(t)
)
P (t)(1 : n−1, n : n). Note that Γ(t)
is a general row-stochastic matrix. By Lemma 2,
∏
∞
t=0 Γ(t)
is a general row-stochastic matrix.
To analyze the dynamics of model (5), the following equa-
tion needs to be proved first
∞∏
t=0
Φ(t) = 0. (9)
According to a known property of infinite norm, i.e., ‖AB‖∞
≤ ‖|A||B|‖∞, we have ‖
∏
∞
t=0 Φ(t)‖∞ ≤ ‖
∏
∞
t=0 |Φ(t)|‖∞.
And hence, it is sufficient to prove
∥∥∥ ∞∏
t=0
|Φ(t)|
∥∥∥
∞
= 0 (10)
for ensuring that Eq. (9) holds. Under the condition θi 6= 0, i =
1, 2, . . . , n − 1, the diagonal elements of nonnegative matrix
|Φ(t)| satisfy [|Φ(t)|]ii = θi > σ, i = 1, 2, . . . , n − 1. Some
non-diagonal elements of |Φ(t)| satisfy:[
|Φ(t)|
]
ij
=(1−θi(t))|pij(t)|>σ, if (j, i)∈E (t), aij=1.
Further the row sums of |Φ(t)| satisfy:
Λi[|Φ(t)|] ≤ l − (1−θi(t))|pin(t)|
≤ l − σ < 1, if (n, i)∈E (t), ain=1,
Λi[|Φ(t)|] ≤ l, otherwise.
In order to get Eq. (10), we first make an isometric division
of the time axis, i.e., [0, ph), [ph, 2ph), [2ph, 3ph), . . .. Then,
we prove ‖
∏γph+ph−1
t=γph Φ(t)‖∞ < 1 associated with each
time interval [γph, γph + ph − 1), where γ ∈ N. Since G
contains a spanning tree T with the root being the leader
and all edges representing trust relationships, there exists a
directed path Pvn→vsz = (vn, vs1)(vs1 , vs2) · · · (vsz−1 , vsz )
for each follower vsz , where as1n=as2s1 = · · ·=aszsz−1 =1.
According to (1), one knows that each agent updates its
opinion at least once in arbitrary time interval with length
h. Thus, in the interval [γph, γph+ h), there exists γph+ l1
such that (vn, vs1) ∈ E (γph+ l1), which leads to
Λs1
[
|Φ(γph+ l1)|
]
≤ l − σ. (11)
By the result in Lemma 1, we have
Λj
[ γph+l1−1∏
t=γph
|Φ(t)|
]
≤ ll1 , j = 1, 2, . . . , n− 1. (12)
Combining (11) and (12), it can be derived that
Λs1
[ γph+l1∏
t=γph
|Φ(t)|
]
=
∑
j
[
|Φ(γph+l1)|
]
s1j
Λj
[γph+l1−1∏
t=γph
|Φ(t)|
]
≤
∑
j
[
|Φ(γph+l1)|
]
s1j
l
l1 ≤ (l − σ)ll1 .
(13)
Noting the fact [|Φ(t)|]s1s1 ≥ σ for any t ∈ N, there holds
[ γph+h−1∏
t=γph+l1+1
|Φ(t)|
]
s1s1
≥ σh−l1−1. (14)
According to (13) and (14), the following result is obtained
Λs1
[γph+h−1∏
t=γph
|Φ(t)|
]
=
∑
j
[ γph+h−1∏
t=γph+l1+1
|Φ(t)|
]
s1j
Λj
[ γph+l1∏
t=γph
|Φ(t)|
]
+
[ γph+h−1∏
t=γph+l1+1
|Φ(t)|
]
s1s1
Λs1
[ γph+l1∏
t=γph
|Φ(t)|
]
≤ lh − σh.
(15)
Consider the intervals [γph + yh − h, γph + yh), y =
2, 3, . . . , z. In each interval, there exists γph+ yh− h+ ly ∈
[γph+yh−h, γph+yh] such that (sy−1, sy) ∈ E (γph+yh−
h+ ly), and then we have
[
|Φ(γph+yh−h+ ly)|
]
sysy−1
≥ σ.
It follows that
[ γph+yh−1∏
t=γph+yh−h
|Φ(t)|
]
sysy−1
≥
[ γph+yh−1∏
t=γph+yh−h+ly+1
|Φ(t)|
]
sysy[
|Φ(γph+ yh− h+ ly)|
]
sysy−1[ γph+yh−h+ly−1∏
t=γph+yh−h
|Φ(t)|
]
sy−1sy−1
≥σh.
(16)
Equivalently, [
∏γph+zh−1
t=γph+h |Φ(t)|]szs1 ≥ σ
zh−h, which com-
bines the fact [
∏γph+ph−1
t=γph+zh |Φ(t)|]szsz ≥ σ
ph−zh ensures that
[ γph+ph−1∏
t=γph+h
|Φ(t)|
]
szs1
≥ σph−h. (17)
By (15) and (17), we get that
Λsz
[γph+ph−1∏
t=γph
|Φ(t)|
]
=
∑
j 6=s1
[γph+ph−1∏
t=γph+h
|Φ(t)|
]
szj
Λj
[γph+h−1∏
t=γph
|Φ(t)|
]
,
+
[γph+ph−1∏
t=γph+h
|Φ(t)|
]
szs1
Λs1
[γph+h−1∏
t=γph
|Φ(t)|
]
≤ lph−σph
for any sz = 1, 2, . . . , n. By condition (8), we have
∥∥∥γph+ph−1∏
t=γph
|Φ(t)|
∥∥∥
∞
≤ lph − σph < 1. (18)
This immediately yields that
∥∥∥ ∞∏
t=0
|Φ(t)|
∥∥∥
∞
≤
∞∏
γ=0
∥∥∥ γph+ph−1∏
t=γph
|Φ(t)|
∥∥∥
∞
= 0.
6Equivalently, Eq. (9) holds. After iteration, Eq. (7) is written
as
lim
t→∞
x[t+ 1] =
[
0 limt→∞ w
∗(t)
0 1
]
x[0], (19)
where w∗(t)=
∑t
i=0 Φ(t) · · ·Φ(i+1)w(i). Since all row sums
of
∏
∞
t=0 Γ(t) are equal to 1, one has limt→∞ w
∗(t) = 1n−1.
This means that limt→∞ xi[t]=xn[0], i=1, 2, . . . , n−1.
As can be seen from Theorem 1, the self-confidence levels
of all agents are assumed to be non-zero to achieve opinion
consensus in the asynchronous interaction scenario. In fact,
opinion consensus can still be achieved when there is no
constraint on the self-confidence levels of the agents in the
synchronous interaction scenario, as shown in the following
corollary.
Corollary 1: Let each agent update the opinion by the
synchronous model xi[t + 1] = θixi[t] + (1−θi)ui[t], where
ui[t] is given in (4). Consider the case with a single opinion
leader. If the interaction network G contains a spanning tree
with the root being the leader and all edges representing trust
relationships, and the following condition holds
lph − σph1 <1, (20)
where
σ1=
(1−θmax)min{α, β}
|N +max|min{α, β}−|N
−
min|max{ι, κ}
,
then opinion consensus is achieved.
Proof: We discuss the cases of θi 6= 0 and θi = 0, re-
spectively. Since the synchronous interaction is a special case
of the asynchronous interaction. Consequently, synchronous
opinion consensus can be achieved when θi 6= 0 according to
Theorem 1. When θi=0, the synchronous model is written as
x[t+ 1] = R(t)x[t] =
[
R1(t) R2(t)
0 1
]
x[t],
where R(t) = [rij(t)] is a general row-stochastic matrix
in which all diagonal elements are equal to zeros, and
rij(t) = aijfij(t)/
∑
vj∈Ni(t)
aijfij(t) for i 6= j. |R1(t)| is a
nonnegative matrix. Using a method similar to the analysis of
nonnegative matrix |Φ(t)| in Theorem 1, we can deduce that∏
∞
t=0 |R1(t)| = 0 when G contains a spanning tree rooted at
the leader. Equivalently,
∏
∞
t=0R1(t) = 0. It follows that
∞∏
t=0
R(t) =
[
0 1n−1
0 1
]
,
which leads to limt→∞ xi[t] = xn[0], i = 1, 2, . . . , n − 1,
namely, opinion consensus is achieved.
Inspired by real-world networks such as the well-known
“12 Angry Men” network in social psychology [23], we study
the consensus dynamics for the nonlinear model (3) on the
trust-distrust network in presence of a single opinion leader
in Theorem 1. As a matter of fact, more common are social
networks with multiple opinion leaders, such as the Karate
Club network [11] and the Party network [12], etc. With
that in mind, we below explore the opinion dynamics on
the trust-distrust network with multiple opinion leaders under
the asynchronous evolution mechanism of trust/distrust level
based on opinion difference. Without loss of generality, we
assume that the set of followers and the set of leaders are
VF = {v1, . . . , vm} and VL = {vm+1, . . . , vn}, respectively.
Theorem 2: Consider model (3) with multiple opinion lead-
ers. Under the condition in (8), if for each follower vi ∈VF ,
there exists a directed path Pvj→vi with all edges representing
trust relationships, where vj ∈ VL, then the followers’ final
opinions are the linear combinations of the leaders’ opinions,
i.e.,
lim
t→∞
xi[t] =
n−m∑
j=1
cijxm+j [0], i = 1, 2, . . . ,m, (21)
where
∑n−m
j=1 cij = 1.
Proof: Let xF [t] = [x1[t],. . ., xm[t]]
T and xL[t] =
[xm+1[t],. . ., xn[t]]
T . Then, Eq. (7) is expressed as[
xF [t+ 1]
xL[t+ 1]
]
=Γ(t)
[
xF [t]
xL[t]
]
=
[
Γ1(t) Γ2(t)
0 In−m
] [
xF [t]
xL[t]
]
. (22)
Under the condition in (8), |Γ1(t)| is a nonnegative matrix.
Then using the analysis method similar to the nonnegative
matrix Φ(t) in Theorem 1, we have ‖
∏
∞
t=0 |Γ1(t)|‖∞ = 0.
Equivalently,
∏
∞
t=0 Γ1(t) = 0. When t → ∞, the final form
of Eq. (22) can be written as
lim
t→∞
[
xF [t]
xL[t]
]
=
[
0 limt→∞ Γ
∗(t)
0 In−m
] [
xF [0]
xL[0]
]
, (23)
where Γ∗(t) =
∑t
i=0 Γ1(t) · · ·Γ1(i+1)Γ2(i). It follows that
limt→∞ xF [t]= limt→∞ Γ
∗(t)xL[0], namely, limt→∞ xi[t] =∑n−m
j=1 cijxm+j [0] for any i ∈ {1, 2, . . . ,m}, where cij =
limt→∞[Γ
∗(t)]ij . As known from Theorem 1,
∏
∞
t=0 Γ(t) is
a general row-stochastic matrix. Equivalently, limt→∞ Γ
∗(t)
is a general row-stochastic matrix. Therefore, we have∑n−m
j=1 cij = 1 in which each combination coefficient cij is
a real number determined by the weight function fij and the
opinion difference |xj [t]− xi[t]|.
When considering the dynamics behavior of the linear
DeGroot model in presence of multiple leaders, which is the
so-called containment control of multi-agent systems, it has
been derived that the followers’ states eventually converge into
a convex hull composed of the leaders’ states if the interaction
graph contains only positive signed edges, and the final states
of the followers are independent of their own initial states
(e.g., see [26]). But in Eq. (21) of Theorem 2, there may
exist combination coefficients satisfying cij < 0 because of
the influence of negative signed edges, that is, the followers’
final opinions may be outside the convex hull of the leaders’
opinions. In addition, the followers’ final opinions, described
as limt→∞ xi[t] =
∑n−m
j=1 cijxm+j [0], i = 1, 2, . . . ,m, are
dependent on their initial opinions since cij is determined
by the weight function and the opinion difference between
neighboring agents. In Section V, the efficiency of Theorem
2 is illustrated by a simulation example on the Karate Club
network.
V. SIMULATION RESULTS
Example 1: In the film “12 Angry Men”, 12 jurors were
invited to decide whether a boy was guilty or not. For this
7(a) “12 Angry Men” network
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(b) Opinions evolution trajectories of the jurors
Fig. 3. In (a), the trust relations among the jurors are represented by the
solid edges and the distrust relations are represented by the dotted edges. The
level of trust or distrust is indicated by the weights of different color edges.
In (b), red line – trajectory of juror 8; yellow lines – trajectories of jurors
2, 5, 6, 9, 11; blue lines – trajectories of jurors 1, 3, 4, 7, 10, 12.
example, we use the orderly increase of real numbers in the
interval [−1, 1] to express the intensity from “guilty” to “no
guilty”, where −1 and 1 means “guilty” and “no guilty”,
respectively. At the initial moment, jurors 1, 3, 4, 7, 10, 12
firmly believed that the boy was guilty, and jurors 2, 5, 6, 9, 11
also considered the boy guilty after hesitating for a while.
Accordingly, we assume that these jurors’ initial opinions
of whether a boy is guilty or not in this example are
x1[0] =−0.9, x2[0] =−0.3, x3[0] =−1, x4[0] =−0.7, x5[0] =
−0.45, x6[0] = −0.2, x7[0] = −0.6, x9[0] = −0.05, x10[0] =
−0.8, x11[0] =−0.13, x12[0] =−0.5. In addition, juror 8 was
particularly convinced that the boy was not guilty and had
sufficient evidences to support his opinion in the film. Thus,
the initial opinion of juror 8 is set to be x8[0] = 1.
According to the movie plot, we construct a signed di-
graph shown in Fig. 3(a) to reflect as succinctly as possible
the trust and distrust relationships during the discussions. A
directed solid edge (i, j) which has a positive sign means
that juror j trusts juror i. A directed dashed edge (i, j)
with negative sign represents that juror j distrusts juror i.
Since juror 8 has sufficient evidences to support his opinion,
he is not affected by other jurors, which means that there
are no directed edges that end at node 8 in G1. Moreover,
jurors 2, 5, 6, 9, 11 were hesitant to make decisions at the
initial moment because of their insufficient evidences sup-
porting “guilty”, which indirectly indicated that they were
more likely to agree with the opinion of jury 8. The fact
implies that these edges (8, 2), (8, 5), (8, 6), (8, 9), (8, 11) have
positive signs. Furthermore, jurors 1, 3, 4, 7, 10, 12 may not
be convinced of the opinion of jury 8 since they were more
determined when they initially made the “guilty” decision.
To describe this situation, we assume that the directed edges
(8, 1), (8, 3), (8, 4), (8, 7), (8, 10), (8, 12) have negative signs.
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Fig. 4. Evolution of the trust/distrust levels of jurors 3 and 9 to juror 8.
Because each juror actively communicates with other jurors
about whether the boy is guilty, we assume that each juror
can be influenced by the opinions of his neighbors at any
time, that is, the parameter h is set as 1 in the asynchronous
interaction. Suppose that the self-confidence level of juror 8
is θ8 = 1, while the self-confidence levels of the remaining
jurors are set to θi = 0.5, i 6= 8. In Fig. 3(a), red solid
lines and black dotted lines represent trust and distrust re-
lationships, respectively. In addition, the weights of red solid
lines are quantified by a positive, decreasing, bounded function
f+ij (|xi[t]− xj [t]|) = 1 − 0.1|xi[t]− xj [t]|, and the weights
of black dotted lines are quantified by a positive, increasing,
bounded function f−ij (|xi[t]−xj [t]|)=0.02|xi[t]−xj [t]|+0.06,
where |xi[t]−xj[t]| represents the opinions difference between
neighboring jurors. With the mentioned settings, the condition
(8) in Theorem 1 holds.
According to the plot of the film “12 Angry Men”, we can
observe that juror 3 shows the strongest distrust level to juror
8 at the beginning. However, jury 3’s distrust level to jury 8
gradually decreased as juror 8 stated the evidences round after
round, which can be seen from Fig. 4(a). In addition, juror 9
appeared hesitant in convicting the boy for lack of evidence
at the initial moment, so he showed trust in juror 8 but with
little level when juror 8 stated sufficient evidences of the boy’s
innocence at the outset. Along with the opinion interaction, the
trust level of juror 9 to juror 8 gradually increased, which can
be observed from Fig. 4(b). Finally, all the jurors who thought
the boy was guilty at the initial moment finally turned their
opinions into “no guilty”. This phenomenon is shown through
Fig. 3(b). Moreover, we can also clearly see from Fig. 3(b)
that jurors 2, 5, 6, 9, 11 change their opinions faster than jurors
1, 3, 4, 7, 10, 12, which is exactly the same as the details of the
film.
Example 2: The Karate Club network proposed in [11]
is a classic data set in the field of social network analysis.
Considering the dynamics phenomenon in karate club, where
the club is split into two small groups each with its core
because of the dispute between the supervisor (node 1) and
the coach (node 34), the following simulation example is
employed to verify the theoretical results.
Consider the interaction structure of Karate Club network
shown in Fig. 5(a). The initial opinions of the supervisor and
the coach are set to x1 = 2 and x34 = −2, respectively, and
other members’ initial opinions are randomly generated in the
interval [−8, 8], in particular, x5 = 7 and x33 = −6. We set the
weight functions f+ij and f
−
ij to be the same as the “12 Angry
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Fig. 5. The Karate Club network and the corresponding opinion evolution
trajectories of the club members. In (b), the black and red lines represent the
opinion evolution trajectories of the club members 5 and 33, respectively.
Men” network. According to Eq. (21) in Theorem 2, we know
that the final opinions of all members are the linear combina-
tions of the initial opinions of the supervisor and the coach,
i.e., xi[t] = ci1x1[0]+ci2x34[0], where ci1+ci2 = 1. Through
calculation, we get |ci1||x1[0]−xi[t]|= |ci2||x34[0]−xi[t]|. This
means that the member i’s opinion is closer to the supervisor’s
opinion if |ci1| > |ci2| (the corresponding node and opinion
trajectory are marked as blue in Fig. 5(a) and Fig. 5(b)),
while its opinion is closer to that of the coach if |ci2| > |ci1|
(which are marked as yellow in 5(a) and 5(b) accordingly). For
example, it can be calculated that the combination coefficients
associated with the members 5 and 33 are c51 = 0.8374,
c52 = 0.1626 and c33,1 = −0.1152, c33,2 = 1.1152, respec-
tively. From |c51| > |c52| and |c33,1| < |c33,2|, we can say
that the member 5 tends to support the supervisor, while the
member 33 trusts the coach more in this numerical example.
As a result, we can also distinguish the two communities of
the entire club network through the result obtained in Theorem
2, which is described in details in Fig. 5(b).
VI. CONCLUSION
In this paper, a nonlinear opinion dynamics model with
asynchronous evolution of trust/distrust level based on opinion
difference has been proposed. The influence of opinion leaders
on the formation of followers’ opinions in trust-distrust social
networks has been studied. The properties of nonnegative
matrix, as well as the construction of signed digraphs, have
been used to derive comprehensive theoretical results for
opinion dynamics. Our results complement the existing re-
sults in the literature regarding trust-distrust social networks.
Moreover, the numerical simulations of opinions formation of
the members in the “12 Angry Men” network and the Karate
Club network have been provided to verify the correctness of
our theoretical results.
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